Transport characteristics of nano-sized superconducting strips and bridges are determined by an intricate interplay of surface and bulk pinning. At the same time, they are ideal model systems for comparing experimental, theoretical, and simulation results. In the extremal case of a very narrow bridge, the critical current is mostly defined by its surface barrier, including the contribution from its roughness. On the other hand, the critical current of wide strips is dominated by its bulk properties and mostly determined by the concentration and strength of pinning centers. Here we present a detailed study of the intermediate regime where the critical current is determined, both, by randomly placed pinning centers and by the Bean-Livingston barrier at the edge of the superconducting strip in an external magnetic field. We use the time-dependent Ginzburg-Landau equations to acquire statistics of vortex dynamics and current distribution in the critical regime. We describe the asymmetric case in detail and find that the edge-barrier at the edge, where vortices leave the superconductor, influence the critical current much stronger than the vortex-entrance edge.
I. INTRODUCTION
Immobilizing magnetic vortices and thus preventing dissipation under applied currents is one of the major objectives for realizing applications of type-II superconductivity. [1] [2] [3] [4] Typically, this vortex pinning is achieved by introducing structural inhomogeneities in the bulk of the material. Recently, it has been recognized that geometric pinning utilizing surface and geometrical barriers for controlling the entrance or exit of vortices in and out of mesoscopic superconductors and superconducting strips can be extremely efficient. [5] [6] [7] [8] [9] [10] [11] [12] Appreciable enhancement of superconducting parameters in strips was recently observed experimentally and explained in terms of surface (edge) superconductivity. 13, 14 One could conclude from these experiments that surfaces may provide one of the most important pinning mechanisms in strips and mesoscopic systems. 15, 16 At the same time, it was observed that the introduction of point-like or cylindrical defects near the surface can be detrimental to the effectiveness of surface barriers 17, 18 since they promote easier vortex penetration across the surface. 19 Hence the effect of structural disorder is two-fold: it arrests the vortex dynamics in the bulk, but 'contaminates' surface pinning. [20] [21] [22] Both effects are important in an intermediate width regime where each mechanism is relevant. In the case of narrow strips with widths on the order of the superconducting coherence length, the critical current is mostly defined by its surface barrier and phase slips across the strip are important, 23, 24 while for very wide strips, the critical current is dominated by its bulk pinning properties. This sets the quest for optimizing artificially manufactured disorder in geometrically restricted systems to take advantage of a potentially constructive interplay of bulk and surface pinning mechanisms.
The present article addresses this problem. To this end, we design an approach allowing us to optimize the concentration and spatial distribution of the bulk point defects in order to achieve the maximum possible critical current taking into account the interplay between the surface barrier blocking penetration of vortices into a superconductor and bulk defects arresting the vortex motion in the interior of the sample. We consider experimentally important systems: superconducting wires having the shape of tapes with widths on the order of a few tens of the superconducting coherence length.
3 In order to calculate the critical current for a given arrangement of pins (pinscape), we use a solver for the timedependent Ginzburg-Landau (TDGL) equation for type-II superconductors. 25 This approach describes the vortex dynamics sufficiently well in superconductors near the vicinity of the critical temperature and is capable of reproducing experimental critical currents for a given pinscape.
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The article is organized as follows. In Sec. II we define the geometry of the superconducting strip, briefly describe the TDGL approach and make preliminary remarks. In Sec. III we present the results of the numerical simulations and discuss them. We summarize our results in Sec. IV.
II. MODEL
We consider a two-dimensional superconducting strip, infinite in the x direction and a finite width W , which is appreciably larger than the superconducting coherence length, ξ, but less than the London penetration depth, 
Superconducting stripe Figure 1 . (a) Two-dimensional superconducting strip of width W = 64ξ with non-homogeneous inclusion distribution. The current J is applied vertically (along the x-axis), the magnetic field B is perpendicular to the figure plane, and the resulting Lorentz force FL acts to the right (along the y-axis). The sample has a length of L = 1024ξ with quasi-periodic boundary conditions in the x direction; in the y direction, we have open boundary conditions, i.e., superconductor-vacuum surfaces. The strip contains (uncorrelated) randomly placed circular inclusions of diameter d = 3ξ. The density of these inclusions depends on y: in the middle of the sample, the volume fraction occupied by inclusions is f = 0.2, which corresponds approximately to conditions for the maximum possible critical current density in bulk samples. The density of the inclusion ρi(y) decreases linearly near the sample boundaries (see bottom plot): within a region of width lin at the boundary where vortices enter the sample and lout at the boundary where vortices leave the sample. (b) The critical current Jc(lin, lout) as a function of lin and lout normalized by Jc(0, 0) at applied magnetic field B = 0.1Hc2. The critical current is increased by ∼ 30% for finite lin and lout compared to the critical current from a homogeneous defect distribution (lin = lout = 0). The effect is asymmetric and depends on the direction of vortex motion.
λ. The edges at y = 0 and y = W set the positions of the surface barriers. Bulk defects are introduced by spatial modulation of the transition temperature, T c (r).
To evaluate the critical current for the system, we use the TDGL equation, which simulates the dynamic behavior of the superconducting order parameter ψ = ψ(r, t):
Here µ = µ(r, t) is the scalar potential, A is the vector potential generating the external magnetic field B = ∇× A, and ζ(r, t) is a temperature-dependent δ-correlated Langevin thermal noise term. The unit of length is defined by the superconducting coherence length ξ = ξ(T ) at a given temperature T and the unit of the magnetic field is the upper critical field H c2 = H c2 (T ). Defects in the bulk are realized through the parameter
, where T c,bulk is the transition temperature for the clean sample. We solve the TDGL equation in the infinite-λ limit, allowing us to use the gauge A = (−B z , 0, 0)y for the vector potential.
We solve Eq. (1) numerically by discretizing the system on a regular grid with mesh size of half a coherence length and integration of time using an implicit massively parallel iterative solver, see Ref. [25] for implementation details. We consider the model system shown in Fig. 1(a) , where the two-dimensional superconducting strip lies in the xy plane with quasi-periodic boundary conditions imposed in x direction and open boundary conditions in y direction (i.e., the y component of the current has to obey J y = 0 at these boundaries corresponding to a superconductor-vacuum surface). The magnetic field B is applied in z direction and the external current J is applied in the x direction. In this case, the Lorentz force drives vortices in +y direction (i.e., vortices enter the domain from y = 0 and exit at y = W ).
The current density,
is measured in units of the depairing current J dp = J dp (T ). The magnitude of the critical current in the presence of an external magnetic field is controlled by inclusion patterns, which are small non-superconducting islands immersed in the superconducting matrix. We tune the inclusion size (typically a few ξ) and their spatial distribution. To determine the magnitude of the critical current, we use a finite-electrical-field criterion. Specifically, we chose a certain small external electric field, E c = 10 −4 (3 √ 3/2)J dp /σ, where σ is the normal conductivity, and adjust the external current, J, to keep this electrical-field criterion on average. The time-averaged value of the external current in the steady state gives the critical current, J c = J . We start with the two limiting situations: a clean strip and bulk superconductor with defects.
Clean strip. The pinning force in this case is defined by edges at y = 0 and y = W with open (no-current) boundary conditions. These boundaries produce the Bean-Livingston barrier 17, 18, [30] [31] [32] [33] and arrange vortices in 'rows' along the current direction. 10 The number of rows depends on the width of the strip W and on the applied magnetic field B. At fixed magnetic field, the most stable configurations are achieved under commensurability conditions. Therefore upon changing the width, the number of the stable rows varies as well, leading to oscillations in (a) Critical current density Jc and (b) critical current Ic = JcW as a function of width W of the ideal superconducting strip containing no inclusions in magnetic field B = 0.1Hc2 applied perpendicular to the strip. The critical current is defined by strip boundaries only and saturates at Ic ≈ 5.1J dp ξ for W 64ξ due to the absence of pinning potentials in the bulk.
the critical current density J c (W ), which are more pronounced in the total critical current I c (W ) = J c (W )W as shown in Figs. 2(a) and 2(b), respectively. The maxima are realized when the system can accommodate the number of vortices corresponding to the applied field and minima when the system is in between two stable vortex lattice configurations. These oscillations can be best observed for the first few vortex rows. For W 1, the critical current I c saturates at some certain value defined by the depinning forces of the two barriers and depends on the magnetic field.
Bulk superconductor. In this case, the critical current associated with pinning vortices at non-superconducting defects depends on the defect properties (shape, size, concentration) and on the field strength (vortex density). In a three-dimensional (3D) bulk type-II superconductor containing spherical particles and for a wide range of fixed applied magnetic fields, 0.02H c2 < B < 0.2H c2 , the optimal critical current is achieved for particle diameters d ranging from 2.5ξ to 4.5ξ and 15-20% volume fraction occupied by particles. 34 For large inclusions of fixed diameter d 3ξ, the field dependence of the critical current has shown peculiar peaks, associated with the inclusions occupancy by multiple vortices. 35, 36 Similar results are observed in regular and random pinning configurations of circular (cylindrical) defects in two-dimensional (3D) systems.
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General case. Now, we consider geometrically confined 2D systems with circular defects. We design the pinning configuration within our model system with finite W in the following way: (i) the density of the non-superconducting columnar defects far away from the edges is the same as in the bulk case corresponding to the maximum possible critical current; (ii) the density of non-superconducting defects near edges is linearly modulated towards the edges. We define the volume fraction ρ i (y) occupied by defects of the same diameter d as a function of y which is given by
In particular, the volume fraction of the defects changes linearly from f in to its bulk value f at the distance l in from the edge y = 0 where vortices enter the sample. On the opposite side of the sample ρ i (y) changes from f to f out at distance l out .
III. RESULTS AND DISCUSSION
The surface barrier at the superconductor edges prevent vortices, both, from entering and exiting the superconductor. As mentioned in the introduction, nonsuperconducting defects located at edges or in the vicinity of edges effectively reduce the Bean-Livingston barrier by creating weak spots for vortex penetration. 20 We study the interplay between the surface barrier and defect distribution profile ρ i (y) by investigating the dependence of the critical current density, J c , on the parameters f , f in , f out , l in , l out , d, in a fixed magnetic field B and fixed sample width W l in , l out . We numerically solve the optimization problem
over the six control parameter set p = {f , f in , f out , l in , l out , d} using a particle swarm optimization routine.
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The resulting optimal parameter set p opt corresponds to the maximum critical current density J c (p opt ).
For a wide range of applied magnetic fields, the optimal concentrations of the defects near the entrance and exit boundaries were zero, f The black line shows the 'requested' volume fraction f = 0.2, the green histogram shows the distribution of the centers of the inclusions, and the yellow line shows the actual volume fraction occupied by the generated defects. (the actual volume fraction is typically lower than the specified/requested one due to defect overlaps and fluctuations of finite random number sequences.) Third panel demonstrates the density ρv of vortices. Bottom panel shows the local current density Jx(y). As expected, the edge screening currents at the surface are in opposite directions, while the small local minimum and maximum a few ξ away from the edge are related to an alignment of vortices at the interior surface barrier. The average critical current density is J uniform c = 0.108J dp . simplify the initial model density profile (3) to
shown in Fig. 1(a) . The optimal particle diameter d opt decreases with the applied filed B and d opt ≈ 3ξ for B = 0.1H c2 . This result is different from that in the 3D case for spherical A strip with reduced inclusion density at both edges lin = 10ξ, lout = 30ξ, f = 0.2, and B = 0.1Hc2. The average critical current J both c = 0.14J dp is 28% larger compared to Fig. 3 . The Jx(y) dependence has much more pronounced features near the edges. These oscillations in the current are generated by (free) vortex rows in the region of low inclusion density.
particles, which have an optimal diameter of d opt ≈ 4ξ for the same field. This discrepancy in the result is due to the fact that the 2D circular defects we model correspond to columnar defects in 3D samples. It was found earlier that the optimal diameter of columnar defects is smaller than the optimal diameter of spherical defects by approximately one coherence length ξ. Since the optimal volume fraction of defects in both cases is similar, 37 around 20%. We stick to d = 3ξ in the following analysis. Figure 1(b) demonstrates the dependency of the critical current on the distance with reduced defect density at the entrance l in and exit l out of vortices for a sample of width W = 64ξ. One can see that the effect is far from symmetric. Figure 1(b) at B = 0.1H c2 shows that the critical current has a maximum of J c (l in , l out ) ≈ 1.3J c (0, 0) at l in ≈ 10ξ and l out ≈ 30ξ. The J c maximum indicated by a cross was found by a particle swarm optimization routine using l in and l out as optimization parameters. The dependence presented in Fig. 1(b) is a result of the interplay between pinning on inclusions and the Bean-Livingston barrier near the superconducting strip edge.
In the following we will discuss this interplay in detail. = 0.131J dp at B = 0.1Hc2.
field to B Φ = 8f /d 2 and number of inclusions per one vortex to B Φ /B = 0.161. Third panels demonstrate the density of the vortices ρ v (y) averaged over the length of the strip. In all cases, the vortex density tends to zero at y = 0 and y = W and remains roughly constant in the bulk of the superconductor. Bottom panels show the xcomponent of the local current density, J x (y), averaged over the length of the strip and are indicative of the edge currents and reflect the distribution of vortices.
Vortex and current density distributions for homogeneous inclusion density ρ i = f = 0.2 for 0 < y < W (l in = l out = 0) are shown in Fig. 3 . The position of vortices is strongly correlated with the particular placement of the inclusions, which makes the visual analysis rather complicated. The histograms of defects, vortices, and xcomponent of current averaged over the sample length L and 10 different realizations of defect distributions contain more useful information. The vortex density is approximately constant in the bulk. This density decreases to zero at ∼ 5ξ away from both edges due to the BeanLivingston barrier. Such a rapid gradient in vortex density produces large surface currents, which has a density on the order of the depairing current density J dp . The average critical current density is J uniform c = 0.108J dp . Figure 4 shows how the result changes when we reduce the inclusion density at both edges of the superconducting strip. We pick l in = 10ξ, l out = 30ξ, with the remaining volume fraction of inclusions in the bulk as f = 0.2 and applied magnetic field B = 0.1H c2 . The chosen parameters are close to the maximum of J c (l in , l out ) shown in Fig. 1(b) . The critical current J both c = 0.14J dp represents a 30% increase compared to uniform inclusion density J uniform c . At the same time, the bulk critical current density (for l in y l out ) remains approximately the same. This indicates that the critical current enhancement is mostly related to the defect distribution near the boundaries of the superconducting strip.
Comparing the vortex configuration in that case with that of the uniform inclusion density case, where the location of vortices is mostly random, we find that this J c enhancement is produced by the formation of regular vortex row(s) in the regions with a reduced concentration of defects. Each vortex row can be interpreted as an additional potential barrier parallel to the edge repelling vortices. However, since current circulates around each vortex in the row, we can observe the local current flowing in the positive x direction to the right of vortex row and the current flowing in the negative x direction to the left of the vortex row. The value of this local current can be as high as the depairing current density, J dp . This current density can be observed at y = W in Fig. 4 . The value of this current is somewhat lower in between rows due to cancellation of opposite screening currents from rows at the left and at the right. Overall, these regular (mostly unpinned) rows lead to oscillations of the average vortex density and subsequently the current density along the applied current direction. This effect is similar to the one observed in artificially manufactured vortexflow channels in irradiated mesoscopic samples.
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Next we examine how the reduced inclusion density affects the superconducting strip edge where vortices enter and exit the sample separately. The results for the strip with reduced inclusion density at the entrance side only, l in = 10ξ and l out = 0, is presented in Fig. 5 . This pinning landscape generates an average critical current density J in c = 0.118J dp . One sees that 'entrance' and bulk parts of all histograms, y W/2, coincides with the corresponding part of Fig. 4 and 'exit' and bulk parts y W/2 reproduces the same regions in Fig. 3 . An analogous situation appears with reduced inclusion density at the exit side of the strip (Fig. 6 ), l in = 0 and l out = 30ξ This configuration produces an average critical current density J out c = 0.131J dp . Naturally, values of J Figure 7 . The same as in Fig. 4 , but for higher magnetic fields. (a) Field B = 0.2Hc2 produces an average critical current density Jc = 0.075J dp and (b) field B = 0.5Hc2 generates Jc = 0.026J dp . At higher fields, vortex rows are more dense. This leads to faster oscillations in vortex and local current densities Jx(y). At the exit edge Jx(y) reaches J dp .
l out = 30ξ correspond to the nearly largest critical current at the given magnetic field and (ii) entrance and exit edges act almost independently, we can say that the edge barrier at the entrance can generate additional critical current up to δI )W = 0.51J dp ξ, while the same addition at the exit edge δI )W = 1.54J dp ξ is three times bigger. Note, that the clean strip with ideal boundaries (without any inclusions in the bulk) can generate a total critical current up to I c ≈ 5.1J dp ξ at the same applied magnetic field, see Fig. 2 
(b).
Higher magnetic fields decreases the distance between neighboring vortex rows and thus leads to higher frequency oscillations of vortex density and the xcomponent of current in regions with reduced inclusion density as shown in Fig. 7 . A magnetic field B = 0.2H c2 corresponds to a critical current density J c = 0.075J dp [ Fig. 7(a) ] and field B = 0.5H c2 to J c = 0.026J dp [ Fig. 7(b) ]. On the exit side, the current density J x (W ) reaches the depairing current density J dp . 
IV. CONCLUSIONS
In this article we studied the interplay of surface potential barrier and bulk pinning centers in mesoscopic superconducting strips, where both pinning mechanisms are relevant. Fig. 2 suggests that the critical current reaches saturation at W ∼ 64ξ in a clean strip, meaning that the effect of the surface barriers on I c starts to decrease above that width and bulk defects become the dominant pinning mechanism. Since non-superconducting defects are detrimental for the Bean-Livingston barrier, we studied the general case of a non-homogeneous defect distribution across the width of the strip to be able to take advantage of both mechanisms. In particular, we assumed a linear modulation of the defect concentration near both edges of the strip. This allowed us to quantify the suppression of the surface barrier by defects in the vicinity of the strip edges by studying the vortex and supercurrent distribution in these regions. Table I summarizes the results for our benchmark system -a strip of width 64ξ in a magnetic field B = 0.1H c2 : The clean strip (labeled C) has a critical current density of 0.080J dp , which decreases as ∼ W −1 for increasing strip width, see Fig. 2 . Adding a homogeneous uniform defect density to this system (U) increases the J c by 35%, which means that the bulk pinning is more relevant than the suppression of the surface barrier. We can expect that J c would actually decrease for more narrow strips and will reach the bulk critical current value for W → ∞. In order extract more detailed information about the suppression of the Bean-Livingston barrier, we introduced the linear defect modulation near the edges. Studying first the vortex entrance and exit edges independently, we first found that defects have a nonsymmetric effect on either side of the strip. A linear increase of the defect density at the entrance edge (I) over 10ξ increases the critical current density by another 9% compared to U, while a density decrease at the exit edge (O) over 30ξ adds 21% to J c compared to U. At the same time, this side is more sensitive to the contamination by defects located at some distance to the surface. For larger W we can expect that the effect of the defect modulation near the edges on J c decreases. Both widths, l in and l out , in those two cases are optimal, i.e., lead to the biggest increase of J c .
Finally, for defect density modulations at both edges (IO), Eq. (5), one obtains an increase of 31% over the U system for optimal values 9ξ and 31ξ for l in and l out , respectively, i.e., the effects from both sides of the strip add up independently. Compared to the clean strip this is a J c -increase of 78%. One can expect that those optimal values for l in and l out remain independent of W for wider strips. Again, their overall influence on wider strips diminishes as the edges are local. The situation for more narrow strips becomes more complex, in particular when W l opt in (W = 64ξ) + l opt out (W = 64ξ). The bulk region with constant defect density vanishes at this point and eventually all defects need to disappear in very narrow strips to get the largest critical current.
Overall, a non-homogeneous defect density demodulation can significantly improve the critical current in mesoscopic superconducting strips.
